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New design criteria for predicting buckling loads of thin-walled cylinders subjected to axial
compression are presented based on results obtained for shells of elliptical and circular cross
section. The criteria have evolved from a combined analytical and experimental program
dealing with the effects of various distributions of both asymmetric and axisymmetric imper-
fections in shape on the buckling behavior of cylinders. Included in the investigation was a
study of the buckling strength of ring-stiffened cylinders. In general, it is demonstrated that
accurate buckling loads can be predicted based on either the power spectral density or root
mean square deviation of the imperfection profile.

Nomenclature
. . 2 L2
A,B = Fourier coefficients, — f W(X) cosw; XdX
L ~L/2
L/2
and % f _ 2/2 W(X) sinw;XdX, respectively
A, = cross-sectional area of ring-stiffener
c = [3( — »2)| V2
d = ring spacing
E = modulus of elasticity
K,K, = p/g
K, = n/g,
L = lg./R
£ = ghell length
le = {/m = wR/2p, axial half-wave length
llcl = WR/ qo
lo; = imperfection half-wavelength corresponding to the jth
Fourier term
m,n = number of half-waves and waves in the axial and cir-
cumferential directions respectively
N = number of ring stiffeners
P, = buckling load of ring-stiffened shell
P, = 2nEt?/c, classical buckling load of perfect circular
cylinder
P = mnR/2l
Go = (R/DY[12(1 — »?)]V4 the classical axisymmetric
buckling mode wave number
R = shell radius measured to the median surface
Ry = radius of curvature of elliptical cylinder at the ends of
the minor axis
S(w) = power spectral density
t = shell wall thickness
1 = {4+ NA, /(¢
w = w/t
w = radial deviation of the median surface
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X,Y = 2q./R and yq./R, respectively

z,y = axial and circumferential coordinates, respectively

I = root mean square deviation of the median surface/
average shell wall thickness

b = theoretical buckling stress of imperfect shell/classical
perfect shell buckling stress

A = ring-stiffened cylinder buckling load/classical buckling
load of equivalent weight perfect cylinder

u = median surface imperfection amplitude/average shell
wall thickness

v = Poisson’s ratio

T = n(t/Re)'?

wj = lz0/1z;, nondimensional spatial frequency

Introduction

NE of the primary design considerations for cylindrical
shells under compressive loading is stability. Current
design manuals!? require that classical buckling loads be re~
duced by an empirical correlation factor which is based on an
accumulation of circular cylinder test data through which a
conservative curve was fitted. These arbitrary knockdown
factors are applied to cylinders of any wall construction due to
the lack of better criteria. Since the load reductions are
quite large for R/t > 100, it is of importance to determine if
reliable buckling load predictions can be established using
other ecriteria in view of the fact that the considerable over-
design of shells to date accounts for a significant proportion of
the structural weight of rockets and aircraft. If it can be
demonstrated that analytical methods are now available for
accurately predicting buckling loads consistent with experi-
mental observations, it then becomes possible to consider
various means of increasing the critical loads by improved
design, manufacturing and handling techniques.

Generally, it is recognized that the dominant factor in re-
ducing the buckling load of thin-walled cylinders (of oval®*®
and circular®? cross section) significantly below the classical
value is the presence of geometric shape imperfections in the
shell wall. Although most practical shell structures have
some degree of stiffening, test results in most instances fall
well below theory,® thus suggesting that imperfections play a
major tole in governing the buckling behavior of stiffened
cylinders. A recent paper® has atetmpted to make use of
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Koiter’s’ axisymmetric imperfection theory in conjunction
with empirical load reduction factors associated with given
R/t values. Based on a collection of test data, it was demon-
strated that conservative collapse loads can be estimated that
are somewhat higher than those associated with previous
design calculations. However, the main deficiency in the
empirical method is its inflexibility with respeet to improved
fabrication and handling procedures. On the other hand, be-
cause actual shell structures contain a random distribution of
imperfections, it is difficult to formulate a rational design ap-
proach in the absence of a random imperfection model theory.
Consequently, interim design criteria are proposed based on
available random axisymmetric imperfection theory* and ex-
periment,” taking into account the effect of asymmetry duye to
general shape imperfection distributions. Substantial theo-
retical and experimental evidence has been accumulated in-
dicating that a critical axial imperfection wavelength exists
leading to a minimum buckling load for a given root mean
square (rms) value of imperfection amplitude. Furthermore,
this critical wavelength is approximately equal to the classi-
cal axisymmetric buckling mode for a perfect circular eylinder
for arbitrary values of the imperfection amplitude. The
present work centains a brief summary of axisymmetric im-
perfection theory relevant to the formulation of a new design
approach, followed by an analysis of the effect of asymmetric
imperfections on the buckling behavior of cylinders. Al-
though the analysis is restricted to circular cylinders, it is
contended that an oval shell can be considered in terms of an
equivalent circular cylinder having a radius corresponding to
the minimum curvature of the oval cylinder.

If shape imperfections control buckling of both unstiffened
and stiffened cylinders, it is of interest to examine the load
reductions associated with stiffened shells relative to equiva-
lent weight unstiffened shells. It was decided to investigate
the effect of ring stifteners on the buckling behavior of eylin-
ders, although the addition of rings to cylindrical shells is
primarily directed towards increasing their buckling resis-
tance to lateral pressure. At present, extensive theoretical
and experimental results have been published!!~* indicating
that reasonable agreement can be expected between test data
and classical linear theory. To serve as a comparison, several
geometrically ‘near-perfect’ ring-stiftened shells were manu-
factured and tested under axial compression, the results of
which are included in this report.

Theory and Experiment

Axisymmetric Imperfections

A general solution for the effect of a uniform distribution of
axisymmetric imperfections of the form

Wo = —yu cos(rz/l,) @O

was derived by Koiter® and subsequently solved® for various
values of imperfection amplitudes and wavelengths. The fol-
lowing eigenvalue equation was obtained using a Galerkin
procedure to determine an upper bound huckling load solu-
tion ‘

AN 4 AN A+ AN+ A =0 (2)
where the coefficients
A = A(K,p,7.0) (3)

are listed in Appendix A. It was found that a critical imper-
fection wavelength corresponding to a minimum buckling
load for a given value of imperfection amplitude existed
which, to a first approximation, is defined by K = L. A com-
parison of the lower bound solutions® for minimum A with the
solution of Eq. (2) for K = § (Fig. 1) indicates very little dif-
ference in the buckling loads. For cylinders of elliptical
cross section, the buckling load reduction resulting from an
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Fig. 1 The effect of random axial imperfection distribu-
tions on the buckling of circular cylinders.

axial imperfection of the form of Eq. (1) can be estimated by
Eq. (2), if the cylinder is sufficiently thin, using an equivalent
circular eylinder model having a radius of curvature equal to
that at the ends of the minor axis. K must then be calcu-
lated from the relation,

%o = [12(1 — »)|4(Rs/t)12 €

A comparison of the predicted response with experiment!
(Fig. 2) indicates that Koiter’s theory can be used for esti-
mating the buckling strength of an axially imperfect ellipti-
cal cylinder. It is thus plausible to expect that cylinders of
oval cross section can also be analyzed in this manner based
on the minimum curvature.

It has recently been shown both theoretically®® and experi-
mentally” that an estimate of the buckling load for a circular
cylinder containing a random axisymmetric distribution of im-
perfections ¢an be obtained from the equation

(1 = N2 = 9meaS(1)A2/20/2 (5)

where 8(1) is the power spectral density (PSD) of the imper-
fection spectrum S(w) evaluated at the frequency correspond-
ing to the classical (perfect shell) axisymmetric buckling mode

w = ly/l; =1 (6

When complete generator imperfection profiles are available,
Fourier analysis can be employed to estimate S(1) from the
relation” ’

8(1) > (Ae? + Bo?)lq/87R )

where A.,,B.. are the Fourier coefficients evaluated at w = 1.
Although reasonable correlation of theory and experiment was
obtained” using Eqgs. (5) and (7), considerable effort was re-
quired to determine the primary contribution to S(1) within
a narrow frequency bandwidth centered at w = 1. In
general it was concluded that, providing all imperfection
components are of the same order as (or less than) the value
at w = 1, the critical frequency component will govern buck-
ling.
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Fig. 2 Comparison of imperfect elliptical cylinder buck-
ling loads with Koiter’s extended theory for a range of axial
imperfection wavelengths.
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Fig. 3 The effect of asymmetric shape imperfections on
the buckling load of a circular cylinder under axial com-
pression.

An alternative formulation for predicting buckling of
cylinders with random axisymmetric shape imperfections can
be cast in terms of the rms imperfection amplitude by assum-
ing a PSD function. Of particular interest is the spectrum
corresponding to an exponential-cosine autocorrelation
peaked at the critical frequency (w = 1). The appropriate
form of S(1) is given by

S1) = 80 + B2 + ¥)/7[1 + 2(82 — v*) +
8+ v (8

where 8 = 0.2 and ¥ = 1. Substituting Eq. (8) into Eq. (5)
yields

(1 = N2 = 9¢? 2.52 {2N2/2(2)M2 9)

The fact that PSD distributions in actual cylinder con-
figurations will not in general be given by Eq. (8) does not
seriously aftect the applicability of Eq. (9). This is justified
on the basis that the solutions for both the uniform and ran-
dom axisymmetric imperfection distributions, given by Eq.
(2) for K = # and Eq. (9) respectively, yield comparable
buckling load reductions, as shown in Fig. 1. Since the uni-
form axisymmetric imperfection corresponding to K = 3
represents the most degrading case (to a first approxima-
tion), assuming the measured rms imperfection occurs at
w = 1 should result in a conservative buckling load estimate.
Tt is evident from the results shown in Fig. 1 that theory and
experiment are in reasonable agreement.

Because shape imperfections present in practical shell
structures are likely to be random in nature, the effects of
asymmetric distributions on the buckling behavior must
next be examined.

Asymmetric Imperfections

Although some theoretical work'415.1 has been done to de-
termine the influence of asymmetric imperfection distribu-
tions on the buckling of circular cylinders, general analytical
solutions for arbitrary imperfection amplitudes and wave-
lengths have not been presented. Assuming an initial shape

0.8~
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by Kp=0.
0.6
Ke=0.5
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Fig. 4 The effect of asymmetric shape imperfections of
varying wave numbers on the buckling load of a circular
cylinder under axial compression.
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imperfection of the form
Wo = ~ 1 c0s2K1.X + ps cosK1X cosK,Y (10)

buckling load results for a circular cylinder subjected to axial
compression have been obtained!® as a function of u;, u,, K,
and K, following the basic analysis reported by Hutchinson,4
Solutions to the nonlinear compatibility and equilibrium
equations were obtained by first solving for the Airy stress
function in terms of the assumed radial displacement buckling
mode

W = W1 OOS2K1X + W2 COSKlX COSK2Y -+
Ws Sil'LKlX cosK,Y (11)

neglecting prebuckling edge constraint effects. The Galerkin
procedure was then applied to the equilibrium equation to ob-
tain

8Kt + 3 — ANKOW, + 4 uK? +

cK K /(K2 4 Ko)? + (W — W) +
K2 K1Y/ (Kt + KA+ HWape = 0 (12)

{(K? + K9Y/4 + KiY/4(K? + K22 —
2K\ Kot/ (Ki* + Ka)? — NK/2 +
cK22K Y/ (K + KN + LIW W, +
cK2 K/ (K2 + Ko)? +11Wipe — ApoKi2/2
{(K:® + K)?%/4 — MK Y/2 + 2K * K2/ (Ko +
K% — 2¢K2Wi K/ (K + Ko)? +

1+ K&/ARK:? + KDL W, =0 (14)

0 (13)

where terms of the order of Wy2u;,Wau.?, etc. have been ne-
glected as being small. If the bracketed quantity in Eq. (14)
is not equal to zero, then W3 = 0. Hence, substituting for
W,, as determined from Eq. (12), into Eq. (13) and setting
W3 = 0 yields

Dy — Do + DA\ = 0 (15)
or
A = [Dy = (D2 — 4D\D3y)V2)/2D;

where the coefficients of Eq. (15) (defined in Appendix B) are
functions of W, Following the procedure outlined by
Hutchinson,* Eq. (15) was solved for given values of ui, ps,
K; and K, by increasing W, from zero until a maximum \
oceurred corresponding to the asymmetric imperfect shell
buckling load. A plot of A vs ws for p = 0.05, K; = §
and varying K is contained in Fig. 3. It is quite apparent
from these results that little variation in the buckling load
oceurs, over the range of i, considered, relative to the re-
duction associated with the axial imperfection component
(defined by ws = 0). However, it should be noted that sig-
nificant load reductions have been obtained for large ampli-
tude asymmetric imperfection distributions.”® A critical
combination of imperfection wavelengths was found leading
to a minimum buckling load, as shown in Fig. 4. This par-
ticular set of wavelengths represents a solution of the classical
perfect cylinder buckling wave number equation

K — K2 + Kpt/4 = 0 (16)

To determine the effect of asymmetry experimentally, circu-
lar cylinders were constructed (using the methods described in
Refs. 6 and 7) having an initial shape imperfection comprised
of a simple sine wave variation circumferentially and a ran-
dom distribution axially. Median surface profiles for one of
the shells are contained in Fig. 5. A comparison of the ex-
perimental buckling data with theory [given by Eq. (9) for
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Fig. 5a Circumferential distribu-
tion of imperfections.

Fig. 5b Random distribution of axial
imperfections.

the random axisymmetric case] is shown in Fig. 1 in which
the largest value of the measured rms imperfection was used.
Although only a few test cases have been studied, it would
appear that the effect of asymmetric imperfection distribu-
tions can be readily taken into account.

Ring-Stiffened Circular Cylinders

In analyzing the effect of ring stiffeners on the buckling be-
havior of circular cylindrical shells in axial compression, it is
of interest to compare the classical linear buckling load of a
ring-stiffened cylinder with the corresponding critical load for
an equivalent weight unstiffened shell of thickness,

f=t-+ NA/t a7

Equation (17) was obtained by smearing out the N rings of
equal cross-sectional area over the cylinder length. For the
case of external ring stiffening, the minimum eritical load is
associated with an initial buckling mode which is predomi-
nantly axisymmetric,!' although the difference between the
axisymmetric and non-axisymmetric solutions is small.2t
Thus, the classical ring-stiffened cylinder buckling load can
be estimated from the following equation!

P, = Pa(l + 4./dp)*? (18)

providing the ring spacing is sufficiently smaller than the axi-
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A'—ol

+

symmetric buckling mode axial wavelength
2r(R)V2[12(1 — w0 (1 + A./df)]~V4 (19)

to prevent local instability between rings. It is evident from
Eq. (18) that the magnitude of the ring eccentricity does not
affect the buckling load. A meaningful comparison of classi-
cal buckling loads can now be made by dividing Eq. (18) by
the unstiffened perfect shell critical load P.; (based on f) to

ozt ol2

Al3
*20 (1/R>2)
X20 (1/R=1)

-] [-2] o2 o3 o4 os oe or o8

o n

Fig. 6 Comparison of ring-stiffened circular cylinder
buckling results with classical theory.
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obtain
= (/D)2 + A/db)12 (20)
If the rings are positioned in such a manner that
£=Nd (21)
then substituting Eqgs. (17) and (21) into Eq. (20) yields
A= (1 4 A/ df)—e 22)

Hence, it can be seen that the maximum eompressive buckling
strength is achieved by an equivalent weight unstiffened
cylinder, neglecting the effects of edge constraint and initial
shape imperfections. For cylinders containing inside ring
stiffeners, it has been shown1!? that buckling loads decrease
with i 1ncreasmg eccentricity and, in all cases, are less than the
value given by Eq. (22) if the shell is sufficiently long. Con-
sequently, Eq. (22) represents a conservative estimate of the
reduction in buckling strength due to ring stiffening relative
to an equivalent weight cylinder, as confirmed by the experi-
mental results shown in Fig. 6. From the test results?*12 it
isevident that, on the average, there is a 30-40Y, difference be-
tween experiment and theory. Since the prebuckling de-
formations due to the clamped edge constraints probably ac-
count for nominally 10%, the remaining discreépancy must
arise from the presence of shape imiperfections. Recent
tests? on geometrically ‘near-perfect’ ring-stiffened cylinders
(Fig. 6) indicate that this is indeed the case. It should be
noted that although these particular experimental resiilts lie
somewhat above theory, as given by Eq. (22), the ring spacing
did not satisfy the condition assumed in Eq. (21). If A, is
calculated from Eq. (20) based on the cylinder geometry,
predlcted loads exceeding those given by Eq. (22) are ob-
tained in agreement with experiment.

Proposed Design Criteria

Although insufficient test results have been obtained to
date to justify the immediate practical use of the following de-
sign procedures, it is proposed that sufficient evidence has
been accumulated to warrant extensive testing in conjunction
with imperfection distribution measurements in order to
realize the full potential of light-weight shell structures.

Unstiffened Cylinders

It is proposed that Egs. (5) and (9) be used to calculate the
critical buckling load of an unstiffened circular e¢ylindrical shell
subjected to axial compression by determining the rms or
PSD distribution of the shape imperfections. The rms
method is by far the simplest procedure to employ in a practi-
cal measuring system for large shell structures and requires no
interpretation of the significant imperfection components
closest to the critical frequency. However, since the rms
method yields no information onr the imperfection compo-
nents in the spectrum, it cannot be used for refining the manu-
facturing and handling techniques by reducing the critical
frequency terms (w = 1).

For cylinders of oval cross section, it is proposed that the
same equations can be used to predict the collapse strength,
noting that the critical frequency can be estimated approxi-
mately by Eq. (4), providing the cylinders are sufficiently
thin to employ the equivalent circular eylinder model.

Because the effects of asymmetrie shape imperfections on
reducing the buckling load of a circular cylinder have been
shown theoretically to be relatively small compared to the
axial imperfection component, the largest value of the PSD
or rms as obtained from several (a sufficient number of
generator profiles must be analyzed to ensure that the rms or
PSD used in the calculation is, within a certain probability,
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the largest value) generator profile traverses can be used to
estimate the buckling load. It is realized that eventually the
best design criterion will involve a cross correlation function
in order to adequately assess the coupling between the axial
and circumferential imperfection components.

Ring-Stiffened Cylinders

Based on the limited test results in Fig. 6, it would appear
that ring-stiffened cylinders are imperfe‘ction sensitive as
noted in Ref. 19. Consequently, the loss in buckling load
capability of a ring-stiffened cylinder relative to an equlvalent
weight unstiffened cylinder in combination with the imper-
fection sensitivity should be taken into account. From a de-
sign point of view, an equivalent weight unstiffened shell
having the same wall shape imperfections would buckle at a
higher load.

Conclusions

New design criteria have been proposed for predicting the
buckling strength of cylindrical shells under axial compression
based on the application of power spectral density and root
mean square imperfection measurements. The effect of
asymmetry due to general shape imperfection distributions
can be taken into account by using the largest value of the
PSD or rms to yield an accurate estimate of the buckling
loads. Recourse to empirical design formulas with arbitrary
knock-down factors can eventually be eliminated in favor of
the proposed criteria providing one is willing to make the ef-
fort required to measure the PSD and rms values associated
with a given shell structure.

Appendix A

The coefficients of the eigenvalue equation

AN+ AN+ Ah 4 44 =0 (A1)
are
A, = ~b512K%Q?
Ay = 64K*Q* + 1024K® + 128K*BQ? + 128cur?K4Q?
A; = —16K?B@Q* — 256K°B — 8K*Q*B* —

16curtK2Q*B + 512cur2KB
Ay = Q*B? + 16K‘B? — 64cur?KB? +
64(cu)2K4Q2rB*H

Lal
It

2K* + 12, B = 16K + 1

1/Q* + 1/(18K* + 77)* (A2)

o
]

Appendix B

The equilibrium equation describing the buckling load solu-
tion for a circular eylinder having an asymmetric distribution
of geometric shape imperfections is given by

D — DA+ D\2=0 (B1)
where the coefficients of Eq. (B1) are,

D1 = (BlAl - B4A5)W2 - (B3A5 + B4A4)W22 -
B A W43

= (B:A: + A.B, + BiA)W, + BiAs + AiBs
Ds = AZBQW2 + AzBs (Bz)
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and

A =8K¢ + %

A, = 4K 2

Az = —4K 2,

As = —cKAE /(K2 + K2)? + 3]

As = —cK2K\/(Ki* + Ko + s

B: = (K:2 4 K;)%/4 + Ki*/4(K:* + KP)? —
2K K 2u1/ (K2 + Ko2)?

B, = K2/2

B; = —cK2[2K,4/(K2 + K2)? + 1]

By = —cK2[KiY/(K:® + Ko*)* + flpe

Bs = Ki?u/2 (B3)

A comparison of the general solution given by Eq. (B1)
with the special case solved by Hutchinson!* can be made by
setting K1 = K, = % in Egs. (B3) and subsequently evaluat-
ing the coefficients in Eqgs. (B2). Equation (B1) then be-
comes,

(We + u2)\2 — [2Ws + ps + cpalpe + Wo/2)IN +
We — cWopr — (3cWo/2 + cpa)(3cW,2/32 -
cWaus/8) = 0 (B4

Equation (B4) is identical to that obtained by Hutchinson
for the case of no internal pressure acting in the cylinder.
When u; = 0, the solution of Eq. (B1) does not correspond
exactly to the solution of Eq. (2) due to the approximations
involved in obtaining Eq. (B1). However, the difterences
are small for u; < 0.1.
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